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THE GEOMETRY OF PROFINITE GRAPHS REVISITED
K. AUINGER
Abstract. For a formation F of finite groups, tight connections are es-
tablished between the pro-F-topology of a finitely generated free group
F and the geometry of the Cayley graph Γ(F̂F) of the pro-F-completion
F̂F of F . For example, the Ribes–Zalesski˘ı-Theorem is proved for the
pro-F-topology of F in case Γ(F̂F) is a tree-like graph. All these re-
sults are established by purely geometric proofs, more directly and
more transparently than in earlier papers, without the use of inverse
monoids. Due to the richer structure provided by formations (com-
pared to varieties), new examples of (relatively free) profinite groups
with tree-like Cayley graphs are constructed. Thus, new topologies on
F are found for which the Ribes-Zalesski˘ı-Theorem holds.
1. Introduction
The Ribes–Zalesski˘ı-Theorem [16] states that the product H1 · · ·Hn of
any finitely generated subgroups H1, . . . ,Hn of a free group F is closed in
the profinite topology of F . The original motivation for this theorem came
from a paper by Pin and Reutenauer [15]: the theorem provided a nice
algorithm to compute the closure (with respect to the profinite topology)
of a rational subset of a free group and implied the truth of the Rhodes
type II conjecture, then a long standing conjecture in the theory of finite
monoids. Since then, the product theorem has become a subject of inde-
pendent interest. It has been generalized in various directions: on the one
hand to other groups [10, 23], on the other hand to other topologies of
F . The original proof of the theorem by Ribes and Zalesski˘ı is formulated
for the (full) profinite topology of F but is valid for the pro-C-topology
of F for any extension closed variety C of finite groups (in the sense that
the product H1 · · ·Hn is closed with respect to the pro-C-topology of F
for pro-C-closed H1, . . . ,Hn). This was generalized by Steinberg and the
author [4] to so-called arboreous varieties, a class of varieties which is much
larger than the class of all extension closed varieties. In that paper, tight
connections between the pro-C-topology of a free group and the geometry of
the Cayley graphs of the free pro-C-groups were established. The purpose
of the present paper is twofold. On the one hand, it is aimed at extending
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the mentioned results of [4] from varieties to formations. This includes to
expand the method found in [4] to construct profinite groups with tree-
like Cayley graphs. On the other hand, a new direct approach, based on
covering graphs, to the entire topic is presented. The proofs in [4] use an
interpretation of the subject within varieties of finite inverse monoids and
their relatively free profinite objects. Meanwhile it is the author’s opinion
that this approach obstructs the direct view and mystifies the immediate
connection between the pro-F-topology of F and the geometry of Γ(F̂F). In
contrast to [4], the present proofs are direct and purely geometric, without
the use of (relatively free, profinite) inverse monoids; this should raise the
accessibility of the results to readers not familiar with inverse monoids.
The paper is organized as follows. Section 2 collects all results about
graphs, finitely generated subgroups of free groups and profinite graphs
that will be used in the paper. Section 3.1 studies two geometric properties
the Cayley graph of a free pro-F-group for a formation F might have: that
of being Hall and that of being tree-like. It is then shown that these geo-
metric properties are equivalent to separability properties induced on a free
group by its pro-F-topology; in section 3.2 we establish the Ribes-Zalesski˘ı-
Theorem for the pro-F-topology of a free group where F is any formation
whose free profinite objects have tree-like Cayley graphs. Finally, in section
4 we define, for a finite, A-generated group G and a finite simple group S,
the A-universal S-extension of G and show how this concept can be used
to construct profinite groups with tree-like Cayley graphs and to guarantee
that for certain formations F the free pro-F-groups have tree-like Cayley
graphs; such formations will be called arboreous.
2. Graphs, subgroups of free groups, and profinite graphs
We follow the Serre convention [20] and define a graph Γ to consist of a
set V (Γ) of vertices and disjoint sets E(Γ) of positively oriented (or posi-
tive) edges and E−1(Γ) of negatively oriented (or negative) edges together
with incidence functions ι, τ : E(Γ) ∪ E(Γ)−1 → V (Γ) selecting the initial,
respectively, terminal vertex of an edge e and mutually inverse bijections
(both written: e 7→ e−1) between E(Γ) and E−1(Γ) such that ιe−1 = τe
for all edges e (whence τe−1 = ιe, as well). We set E˜(Γ) = E(Γ) ∪E−1(Γ)
and call it the edge set of Γ. Given this definition of a graph the notions of
subgraph (spanned by a set of edges), morphism of graphs and projective
limit of graphs have the obvious meanings. Edges are to be thought of
geometrically: when one draws an oriented graph, one draws only the edge
e and thinks of e−1 as being the same edge, but traversed in the reverse
direction.
A path p in a graph Γ is a finite sequence p = e1 . . . en of consecutive
edges, that is τei = ιei+1 for all i; we define ιp = ιe1 to be the initial vertex
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of p and τp = τen to be the terminal vertex of p. A path is reduced if
it does not contain a segment of the form ee−1 for any edge e. We also
consider an empty path at each vertex. A path p = e1 . . . en is a circuit at
(base point) v if v = ιp = τp. A graph is connected if any two vertices can
be joined by a path. A connected graph is a tree if it does not contain a
non-empty reduced circuit.
Throughout, A shall denote a finite alphabet, that is, a finite set of
symbols called letters, usually |A| ≥ 2; we use A−1 to denote a disjoint
copy of A consisting of formal inverses a−1 of the letters a of A, and set
A˜ = A ∪ A−1. An A-labelled graph is a graph together with a labelling
function ℓ : E˜ → A˜ such that ℓ(e) ∈ A and ℓ(e−1) = ℓ(e)−1 for each
positive edge e. A morphism of labelled graphs is assumed to respect the
labelling. Given a path p = e1 . . . en in a labelled graph, the label ℓ(p) of
that path is just ℓ(e1) · · · ℓ(en).
If V (Γ), E(Γ) and E(Γ)−1 are topological spaces, E˜(Γ) is the topolog-
ical sum of E(Γ) and E−1(Γ), and ι, τ and ( )−1 (in both directions) are
continuous, then Γ is called a topological graph. A profinite graph is a topo-
logical graph Γ which is a projective limit of finite, discrete graphs. It is
well known [24, 18] that Γ is profinite if and only if V (Γ) and E˜(Γ) are both
compact, totally disconnected Hausdorff spaces. Morphisms between profi-
nite graphs are always assumed to be continuous. Subgraphs of profinite
graphs are understood in the category of profinite graphs: they must be
closed as topological spaces. Moreover, a connected profinite graph is one
all of whose finite continuous quotients are connected as abstract graphs
(such are termed “profinitely connected” in [1, 2]). For more informations
about profinite graphs the reader is referred to [1, 2, 18] and [4, Section 2].
The profinite graphs of primary interest are subgraphs of Cayley graphs
of profinite groups where a profinite group is a compact, totally discon-
nected group, or, equivalently, a projective limit of finite groups. We refer
the reader to [19] for basic definitions on profinite and relatively free profi-
nite groups.
Let A be an alphabet, G be a group and ϕ : A→ G be a map. Then the
Cayley graph of G with respect to (A,ϕ), or, if the mapping ϕ is clear, the
Cayley graph of G with respect to A, denoted by ΓA(G), has vertex set G,
edge set G × A˜, incidence functions given by ι(g, a) = g, τ(g, a) = g(aϕ)
and involution (g, a)−1 = (g(aϕ), a−1). We call a ∈ A˜ the label of (g, a).
The edge (g, a) is usually drawn and thought of as •
g
a
−−−−−→•
g(aϕ)
. Throughout
this paper we consider A-generated groups G for a fixed alphabet A and the
mapping ϕ : A→ G is never mentioned; this means that G is generated by
Aϕ and A is then treated like a subset ofG though distinct elements of A˜ are
a priori not necessarily distinct elements of G. In this case, ΓA(G) is always
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denoted Γ(G) and is connected. A morphism from the A-generated group G
to the A-generated group H is always a morphism extending the mapping
a 7→ a and hence is uniquely determined and surjective and is called the
canonical morphism G ։ H. Given a canonical morphism of finite A-
generated groups ϕ : G։ H we have a canonical morphism Γ(G)։ Γ(H),
usually also denote ϕ, of finite A-labelled graphs which maps each vertex
g to gϕ and each edge (g, a) to (gϕ, a). Suppose that {(Gi, ϕij) | i, j ∈
I} is an inverse system of finite A-generated groups; then automatically
{(Γ(Gi), ϕij) | i, j ∈ I} is an inverse system of finite A-labelled graphs.
Let G = lim
←−i∈I
Gi; then the Cayley graph of G is lim←−i∈I
Γ(Gi) which is a
profinite graph having vertex set G and edge set G× A˜ where the topology
of the latter is just the product topology with A˜ considered to be discrete.
Since A is a fixed finite set we need to consider only countable inverse
systems {(Gn, ϕnm) | n,m ∈ N,m ≤ n} where the linking morphism ϕnm
are not always explicitly mentioned. We note that the Cayley graph of an
A-generated profinite group G (which means that the abstract subgroup 〈A〉
of G generated by A is dense in G) is connected as a profinite graph.
Throughout, F stands for the free group with basis A, its elements are
represented as words in the alphabet A˜. It is well known that finitely
generated subgroups H of F can be encoded in terms of finite, labelled,
pointed graphs [13, 14, 21]. Let A be a finite A-labelled graph; A is folded
if for every letter a ∈ A and every vertex v there exists at most one edge
e starting or ending at v and having label a. In a folded graph, the letters
from A˜ induce partial injective mappings on the vertex set, and for every
vertex v and every word w in the letters of A˜ there there is at most one
path starting at v and having label w. From now on we assume all graphs
to be folded. Suppose that A has a distinguished vertex b (the base point)
and let L(A , b) be the set of all elements w ∈ F (w given as a reduced
word in A˜) such that w labels a closed path at b in A . Then L(A , b) is a
finitely generated subgroup of F .
A graph A with base point b is reduced if no vertex except perhaps b has
degree 1 (where the degree of a vertex v is the number of positive edges e
for which ιe = v or τe = v). For every finitely generated subgroup H of F
then there is up to isomorphism exactly one finite, connected, A-labelled,
reduced graph A with base point b such that L(A , b) = H. This graph we
shall usually denote H with base point bH . It can be obtained as follows.
The Schreier graph Σ(F,H,A) has vertex set the set H\F of all right cosets
Hg in F with respect to H and positive edges •
Hg
a
−−−−→ •
Hga
for g ∈ F and
a ∈ A; the edge set then can be identified with H\F × A˜. Let the core
graph core(Σ(F,H,A),H) of Σ(F,H,A) with respect to the base point H
be the subgraph of Σ(F,H,A) spanned by edges which are contained in a
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reduced closed path at vertex H. Then core(Σ(F,H,A),H) is isomorphic
to H and will be the called the core graph of H. For a more constructive
method to find H the reader is referred to [13, 14, 21]. In any case, the
core graph of H = L(A , b), A finite, can be obtained from A by removing
finitely may vertices and edges from A until the outcome is reduced.
Next let F be a formation of finite groups; the pro-F-topology of F has
as neighborhood basis of 1 the collection of all normal subgroups N of F
for which F/N ∈ F. The profinite group F̂F := lim←−F/N∈F F/N is the free
pro-F-group generated by A; the abstract subgroup of F̂F generated by A
coincides with F if and only if F is residually F, that is, if and only if⋂
F/N∈FN = {1}. Given an A-generated group G ∈ F and w ∈ F it is
often convenient to denote the image of w under the canonical morphism
F ։ G by [w]G (which means the value of w in G); similarly, given γ ∈ F̂F,
the image of γ under the canonical morphism F̂F ։ G will be denoted [γ]G.
A finite A-labelled graph A is complete if the degree of every vertex is
2|A|. That is, every letter a ∈ A˜ induces a permutation of the set of vertices
of A . The group generated by these permutations is the transition group
TA of A which is an A-generated group. A finitely generated subgroup H
of F is F-extendible [14] if the core graph H of H can be embedded into a
finite complete graph H whose transition group T
H
belongs to F. A key
result from [14] is Propositon 2.7: it states that every pro-F-closed finitely
generated subgroup H of F is F-extendible — the result is formulated and
proved for varieties of finite groups but the proof goes through verbally for
the more general case of formations.
Suppose that the complete graph A with distinguished vertex b is con-
nected; then there exists a unique graph morphism ϕA : Γ(TA ) ։ A
for which 1ϕA = b which we call the canonical morphism Γ(TA ) ։ A .
Indeed, it is well known and easy to see that the mapping g 7→ b · g in-
duces a graph morphism Γ(T
A
)։ A and A is isomorphic to the Schreier
graph Σ(TA ,H,A) where H is the stabilizer of b in TA . If G is another
A-generated group such that ϕ : G ։ TA then ϕϕA : Γ(G) ։ A is the
canonical morphism Γ(G) ։ A . Next let A be an A-labelled graph with
base point b and A be a completion of A (that is, A is a subgraph of the
complete graph A ). We have the canonical mapping ϕ
A
: Γ(T
A
) ։ A .
Now, the inverse image of A under ϕ
A
in Γ(T
A
) is a subgraph of Γ(T
A
),
not necessarily connected. But we let A TA be the connected component
containing 1 of this inverse image. More generally, let G be A-generated
with canonical morphism ϕ : G ։ T
A
; then we define A G to be the
connected component containing 1 of the inverse image of A under the
canonical map ϕϕ
A
: Γ(G) ։ A . Then A G is a connected subgraph of
Γ(G) and it is the subgraph of Γ(G) spanned by all edges that are contained
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in a path starting at 1 and having label w, say, for which there exists a path
in A starting at b and having label w. The latter could be also taken as
definition of the graph A G; it actually makes sense for every A-generated
group G, but the existence of a morphism A G ։ A is not guaranteed in
the general case. However, if there is a completion A of A and G ։ T
A
then we do have a canonical graph morphism A G ։ A mapping 1 to b.
For every h ∈ L(A , b) the element [h]G is also mapped to b by this mor-
phism. Moreover, as a subgraph of Γ(G) the graph A G may be shifted by
left multiplication by an element g ∈ G to obtain gA G. Then there is a
canonical graph morphism gA G ։ A which maps g to b. Similarly, for
every h ∈ L(A , b), the element g[h]G is mapped to b under this morphism.
If we are given an inverse system of A-generated groups
T
A
ϕ0
և G0
ϕ1
և G1
ϕ2
և G2
ϕ3
և · · · (2.1)
then we get an inverse system of A-labelled graphs
A
ϕ
A
և A
T
A
ϕ0
և A
G0
ϕ1
և A
G1
ϕ2
և A
G2
ϕ3
և · · · (2.2)
where in the latter sequence the mappings ϕ
A
and ϕi have to be understood
as the appropriate restrictions to the graphs A TA and A Gi . Altogether,
every inverse system of finite groups as in (2.1) leads to an inverse system of
finite graphs as in (2.2) and for G = lim
←−
Gn we set A
G := lim
←−
A Gn which is
a connected subgraph of the profinite Cayley graph Γ(G). Assume that the
abstract subgroup of G generated by A is F . Similarly as for the finite case,
we have now a canonical morphism A G ։ A which maps every element
of the closure L(A , b) of L(A , b) in G to the base point b. In addition, for
every γ ∈ G there is a canonical graph morphism γA G ։ A which maps
γL(A , b) to b.
As mentioned earlier, the graphs A Gi may be defined without referring
to a completion A of A . The same holds for the projective limit A G =
lim
←−
A Gi . The profinite graph A F̂F defined in this fashion then admits a
canonical graph morphism A F̂F ։ A if and only if A admits a completion
A whose transition group T
A
is in F. The ‘only if’ direction of that claim
— which will not be used in the paper — can be seen as follows. Take
an inverse system (Gn)n∈N with Gn ∈ F such that F̂F = lim←−
Gn. Then
A F̂F = lim←−A
Gn ; hence the canonical morphism A F̂F ։ A factors through
A G for G = Gn for some n. Now let H be the subgroup of G consisting
of all [w]G for w ∈ L(A , bA ). The Schreier graph Σ(G,H,A) =: Σ then is
a complete graph which contains A as subgraph. The transition group TΣ
is a quotient of G, namely TΣ ∼= G/HG where HG is the core of H in G.
The profinite graph A F̂F can be viewed as pro-F-universal covering graph
of A .
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3. Profinite topology and geometry of graphs
For a certain class of formations F of finite groups we establish tight
connections between the pro-F-topology of a finitely generated free group
F and the geometry of the Cayley graph Γ(F̂F) of its pro-F-completion F̂F.
This is an extension to formations of the results formulated and proved for
varieties in [4, Section 5]. While the proofs of [4] would carry over to the
case of formations more or less easily, it is our explicit intention to present
new proofs which avoid relatively free profinite inverse monoids and instead
use the above mentioned concept of (profinite) covering graphs.
3.1. Being Hall and being arboreous. According to a result of [14]
mentioned in section 2, for every formation F, every finitely generated pro-
F-closed subgroup H of F is F-extendible. Here we shall present a criterion
for an extendible group H to be closed. It turns out that this can be
expressed in terms of a geometric property of the pro-F-universal covering
graph H F̂F of the core graph H of H.
For this purpose, we modify and generalize the concept of Hall property
of a profinite graph introduced in [4]. Let Γ be a connected profinite graph;
a connected subgraph ∆ is a Hall subgraph of Γ if, whenever ∆ contains
the endpoints of a finite reduced path p in Γ then ∆ contains the (graph
spanned by the) path p itself. Note that, by definition, every connected
profinite graph is a Hall subgraph of itself. The concept of Hall subgraph
allows to give a characterization of which F-extendible subgroups H of F
are pro-F-closed.
Theorem 3.1. Let F be a formation of finite groups. An F-extendible
subgroup H of F is pro-F-closed if and only if H F̂F is a Hall subgraph of
Γ(F̂F).
Proof. Here we do not assume that F is residually F. In particular we do
not assume that F is canonically embedded in F̂F. For convenience, for a
word w ∈ F , the value of w in F̂F will simply be denoted [w]F rather than
[w]
F̂F
.
Let H be an F-extendible subgroup of F with core graph H . Suppose
first that H F̂F is not a Hall subgraph of Γ(F̂F). We need to show that H
is not pro-F-closed. Throughout the following proof we shall identify every
path p with the graph spanned by p. Let γ be a vertex of H F̂F for which
there exists a reduced word w ∈ F such that the path γ → γ[w]F in Γ(F̂F),
starting at γ and being labelled w, is outside H F̂F except for its endpoints.
Let H be a completion of H with transition group T in F and let
G0 և G1 և · · · be an inverse system of groups in F such that lim←−
Gn = F̂F
and G0 ։ T , and such that, denoting for all n the canonical projections
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F̂F ։ Gn by ϕn, we have that the path γϕ0 → γϕ0[w]G0 in Γ(G0) labelled
w is outside H G0 (except for its endpoints). Let v ∈ F be a reduced
word labelling a path 1 → γϕ0 running entirely inside H
G0 . Then, in
Γ(F̂F), the path 1 → [v]F labelled v runs inside H
F̂F (being the lift of the
corresponding path in H G0); in particular, [v]F ∈ H
F̂F . Next, the path
[v]F → [vw]F in Γ(F̂F) labelled w is outside H
F̂F (except, perhaps, for its
endpoints) since its projection in Γ(G0) is outside H
G0 . We claim that
[vw]F does belong to H
F̂F . Indeed, for each n choose a word pn labelling
a path γϕn → (γ[w]F)ϕn = (γϕn)[w]Gn which runs entirely inside H
Gn .
Since [pn]Gn = [w]Gn for all n, lim pn = w. Each path 1→ [vpn]F in Γ(F̂F)
labelled vpn runs entirely in H
F̂F being the lift of the corresponding path
in H Gn . Since H F̂F is closed it follows that [vw]F = lim[vpn]F ∈ H
F̂F .
Hence we may consider the vertices [v]F and [vw]F instead of γ and γ[w]F.
Next, consider the group K := v−1Hv. Since conjugation is a homeo-
morphism of F , H is closed if and only if K is closed. It is clear that for
the core graph K of K the equality K F̂F = v−1H F̂F holds. For K F̂F
we have that 1, [w]F ∈ K
F̂F but the path 1 → [w]F in Γ(F̂F) labelled w
is outside K F̂F (except for its endpoints). Finally, choose, for every n, a
word un which labels a path 1 → [w]Gn which runs entirely inside K
Gn .
Then lim un = w and unu
−1
0 ∈ K since this word labels a closed path at
1 in K G0 . On the other hand, limunu
−1
0 = wu
−1
0 /∈ K: if wu
−1
0 were in
K then it would label a closed path in K at base point bK and that path
would lift to a path in K G0 starting at 1. This however, this is not the
case by construction of w.
Let conversely H ≤ F be finitely generated, F-extendible with core graph
H and suppose that H F̂F is a Hall subgraph of Γ(F̂F). Let (wn)n∈N be
a sequence of elements of H with limwn = w ∈ F with respect to the
pro-F-topology of F . We need to show that w ∈ H. Since [wn]F ∈ H
F̂F for
all n, also [w]F ∈ H
F̂F . So, H F̂F contains 1 and [w]F and therefore also
the path 1→ [w]F in Γ(F̂F) labelled w. By the canonical map H
F̂F ։H ,
that path is mapped to a closed path at bH with label w which means that
w ∈ H. 
Of particular interest are formations F for which every extendible sub-
group H of F is closed. Let us call such a formation Hall. More precisely,
a formation F is Hall if for every alphabet A (with |A| ≥ 2) every finitely
generated, F-extendible subgroup H of F is pro-F-closed in F . This is the
straightforward generalization to formations of a notion originally intro-
duced for varieties [22]. Exactly as in that special case, the property of
being Hall of a formation F can be expressed in terms of the geometry of
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the Cayley graphs of free pro-F-groups. A connected profinite graph Γ is an
absolute Hall graph, or, shortly a Hall graph if every connected subgraph is
a Hall subgraph of Γ. If Γ(F̂F) is a Hall graph then by Theorem 3.1, every
F-extendible subgroup H of F is pro-F-closed. Also the converse holds: if
Γ(F̂F) is not Hall then there exists an F-extendible subgroup H of F which
is not pro-F-closed. This leads to a ‘global’ version of Theorem 3.1; for
varieties this was proven in [4]
Theorem 3.2. A formation F is Hall if and only if for each alphabet A
the Cayley graph Γ(F̂F) is Hall.
Proof. The ‘if’ part is a consequence of Theorem 3.1. For the converse, let
∆ ⊆ Γ(F̂F) be a connected subgraph containing the endpoints γ and γ[w]F
of some reduced path p whose label is w, say, such that the graph spanned
by p is outside ∆ except for its endpoints. We may consider instead the
graph γ−1∆ and hence assume that γ = 1. As in the proof of Theorem
3.1, let G0 և G1 և · · · be an inverse system of groups in F such that
lim←−Gn = F̂F and, denoting the canonical morphism F̂F ։ Gn by ϕn we
have that the graph spanned by the path in Γ(G0) with label w starting
at 1 is outside ∆ϕ0 except for the endpoints 1 and [w]G0 . For every n,
let un be a word labelling a path 1 → [w]Gn running inside ∆ϕn; then
limun = w. The group H = L(∆ϕ0, 1) is F-extendible; since un also
labels a path 1 → [w]G0 in ∆ϕ0 it follows that unu
−1
0 ∈ H for every n
and lim unu
−1
0 = wu0. But wu
−1
0 does not belong to H since wu
−1
0 does
not label a closed path at 1 in ∆ϕ0. Altogether, H is not closed for the
pro-F-topology. 
Next we consider a strengthening of the former property, this time moti-
vated from the side of the geometry of the Cayley graph of F̂F. An obvious
strengthening of the property of being Hall is that any two vertices u and
v which are contained in a connected subgraph should be contained in a
smallest (with respect to containment) connected subgraph. Equivalently,
for any two given vertices contained in a connected subgraph, the inter-
section of all such connected subgraphs is again connected. A connected
profinite graph with this property has been called tree-like in [4]; pro-p-
trees and similarly defined graphs in the sense of [16, 17, 18] do have this
property but there are many tree-like (Cayley) graphs which are not of
this form (including some new examples which can be constructed by the
method presented in section 4). We are going to show that this geometric
property of the Cayley graph is equivalent to a strengthened condition on
the pro-F-topology of the free group F : namely that the product HK of
any two F-extendible subgroups H and K of F is pro-F-closed. Through-
out, for vertices α, β of a tree-like graph Γ we shall denote by [α, β] the
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unique smallest connected subgraph of Γ containing α and β — the geo-
desic subgraph determined by α and β.
Proposition 3.3. Suppose that Γ(F̂F) is tree-like; then the product HK
of any two F-extendible subgroups H and K of F is closed in the pro-F-
topology of F .
Proof. Let (wn) be a sequence in HK such that limwn = w ∈ F ; we need
to prove that w ∈ HK. Each wn admits a representation wn = hnkn with
hn ∈ H and kn ∈ K (equality holds in F , so the word hnkn need not be
reduced). We may assume (by going to a subsequence) that the sequences
(hn) and (kn) converge in F̂F: there exist η, κ ∈ F̂F such that η = limhn and
κ = lim kn. Then ηκ = w and we may assume that η 6= 1 6= w. Let H and
K , respectively, be the core graphs of H and K. By construction, H F̂F
contains 1 and all vertices hn and hence also η = lim hn. Likewise, K
F̂F
contains 1 and κ. Consequently, H F̂F ∪ ηK F̂F contains 1 and w = ηκ.
By the Hall property, H F̂F ∪ ηK F̂F contains the geodesic [1, w]. Since
1 ∈ H F̂F and w ∈ ηK F̂F, some vertex, say v, of the geodesic [1, w] is
contained in H F̂F ∩ ηK F̂F . That is, w admits a factorization w = vu such
that v ∈ H F̂F ∩ ηK F̂F . Since Γ(F̂F) is tree-like, we have
[1, v] ⊆ H F̂F , [v, η] ⊆ H F̂F ∩ ηK F̂F , [v,w] ⊆ ηK F̂F .
1 w
η
v
Figure 1. The graph H F̂F ∪ ηK F̂F .
Now consider a finite quotient F̂F
ϕ
։ G such that:
• G։ T
H
and G։ T
K
,
• 1 6= ηϕ 6= wϕ,
• ϕ restricted to [1, w] is injective,
where H and K are completions of H and K , respectively, with transi-
tion groups in F. Then we have
[v, η]ϕ ⊆ (H F̂F)ϕ = H G and [v, η]ϕ ⊆ (ηK F̂F)ϕ = (ηϕ)K G.
Choose a path p : vϕ → ηϕ which runs entirely inside [v, η]ϕ and suppose
its label is s. Then the word vs labels a path 1 → ηϕ running inside
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H G. Since the projection H F̂F ։ H maps both 1 and η to the base
point bH of H so does the projection H
G
։ H : 1 and ηϕ are both
mapped to the base point bH . It follows that vs ∈ H. By an analogous
reasoning: s−1u labels a path ηϕ → wϕ running inside (ηϕ)K G. The
canonical projection (ηϕ)K G ։ K maps both ηϕ and wϕ to the base
point bK of K . Altogether, s
−1u ∈ K and thus w = vs · s−1u ∈ HK, as
required. 
Next we are going to prove the converse of Proposition 3.3. We start
with a definition which will be also used in Section 4. Let Γ be a (pro)finite
graph with distinguished vertex 1; a constellation in Γ is a triple (Ξ, γ,Θ)
where
(1) γ is a vertex of Γ, Ξ and Θ are connected subgraphs of Γ,
(2) 1, γ ∈ Ξ ∩Θ,
(3) the connected Ξ ∩Θ-components of 1 and γ are distinct.
A constellation of an A-generated group then is a constellation of its Cayley
graph. It is clear that the Cayley graph Γ(G) of an A-generated pro-finite
group G is tree-like if and only if it does not admit a constellation.
Let G0 և G1 և G2 և · · · be an inverse system of A-generated finite
groups with G = lim
←−
Gn with canonical projections G
ϕn
→ Gn. Suppose that
Γ(G) admits a constellation (Ξ, γ,Θ). Then there exists a positive integer m
such that (Ξϕm, γϕm,Θϕm) is a constellation in Γ(Gm) (since the two Ξ∩Θ-
components of 1 and γ may be separated by clopen subgraphs). Moreover,
for every n ≥ m, denoting by ϕnm the canonical morphism Gn → Gm we
see that (Ξϕn, γϕn,Θϕn) is a constellation in Γ(Gn) and
(Ξϕm, γϕm,Θϕm) = (Ξϕnϕnm, γϕnϕnm,Θϕnϕnm).
Proposition 3.4. If Γ(F̂F) is not tree-like then there exist F-extendible
subgroups H and K of F for which the product HK is not pro-F-closed in
F .
Proof. Take a constellation (Ξ, γ,Θ) in Γ(F̂F) and a finite quotient G of F̂F
with morphism ϕ : F̂F ։ G such that (Ξϕ, γϕ,Θϕ) is a constellation in
Γ(G). Set G0 := G and take an inverse system G0 և G1 և G2 և · · · of A-
generated groups with F̂F = lim←−Gn. Denote by ϕm the canonical morphism
F̂F ։ Gm. For every m, the triple (Ξϕm, γϕm,Θϕm) is a constellation in
Γ(Gm).
Choose two words u, v ∈ F such that u labels a path 1 → γϕ0 which
runs entirely in Ξϕ0 and v labels a path γϕ0 → 1 which runs entirely in
Θϕ0. Next, for each m choose words hm, km ∈ F such that hm labels a
path γϕm → 1 in Γ(Gm) which runs entirely in Ξϕm and km labels a path
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1→ γϕm in Γ(Gm) which runs entirely in Θϕm, Then, for every m,
[hm]Gm = [γ
−1]Gm and [km]Gm = [γ]Gm
and therefore lim hm = γ
−1 and lim km = γ in F̂F.
Notice that hm labels also a path γϕ0 → 1 running in Ξϕ0 and km labels
a path 1 → γϕ0 running in Θϕ0. Let H = L(Ξϕ0, 1) and K = L(Θϕ0, 1),
respectively. Both H and K are F-extendible. Since uhm labels a closed
path at 1 in Ξϕ0 and kmv labels a closed path at 1 in Θϕ0 it follows that
uhm ∈ H and kmv ∈ K. Moreover,
lim
m→∞
uhmkmv = uγ
−1γv = uv ∈ F.
We are left with showing that uv /∈ HK. Suppose, by contrast, that there
are h ∈ H, k ∈ K such that uv = hk (equality holding in F ). Then
h−1u = kv−1. In G0 we have
[h−1u]G0 = γϕ0 = [kv
−1]G0 ,
and h−1u and therefore also its reduced form red(h−1u) labels a path
1 → γϕ0 in Γ(G0) running entirely in Ξϕ0; likewise, kv
−1 and therefore
also red(kv−1) labels a path 1 → γϕ0 in Γ(G0) running entirely in Θϕ0.
However, red(h−1u) and red(kv−1) are identical as words and so must label
the same path 1 → γϕ0 in Γ(G0). This contradicts the fact that there is
no path 1→ γϕ0 in Γ(G0) running entirely in Ξϕ0 ∩Θϕ0. 
As a consequence we may summarize:
Theorem 3.5. The free pro-F-group F̂F has tree-like Cayley graph if and
only if for any two F-extendible subgroups H and K of F the product HK
is pro-F-closed.
The last result motivates the following definition: a formation F is arbore-
ous if the Cayley graph Γ(F̂F) of every finitely generated free pro-F-group
is tree-like; this is the straightforward analogue in the context of formations
of a notion introduced for varieties in [4]. Then F is arboreous if and only
if for every finitely generated free group F , the product HK of any two
F-extendible subgroups H and K of F is closed in F with respect to the
pro-F-topology.
It would be interesting if in Proposition 3.4 and therefore in the ‘if’-part
of Theorem 3.5 “F-extendible” may be replaced with “pro-F-closed” for
the involved groups H and K. If we allow formations F for which F is
not residually F then this is not true for trivial reasons. Indeed, in that
case the Cayley graph Γ(F̂F) is certainly not tree-like since it contains a
finite circuit. Let LF be the intersection of all normal subgroups N of F
for which F/N ∈ F. Then the pro-F-closure of {1} is LF and every pro-
F-closed subgroup H of F must contain LF. In that case, the core graph
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of H is complete, hence H is — if it is finitely generated — of finite index
and therefore clopen. The product HK of two such groups is necessarily
also clopen (being the union of finitely many cosets of H). In this case the
adequate environment to study separability properties concerning products
H1 · · ·Hn of finitely generated subgroups is the group F/LF rather than F .
Problem 1. Does there exist a non-arboreous formation (or variety) F for
which F is residually F and such that the product HK is pro-F-closed for
any two finitely generated pro-F-closed subgroups H and K of F?
Any such example must be a non-Hall formation. Another open problem
occurring in this context is:
Problem 2. Does there exist a formation (or variety) which is Hall but not
arboreous?
3.2. The Ribes-Zalesski˘ı-Theorem. Now we show that for an arbore-
ous formation F even a stronger separability conditon holds: the product
H1 · · ·Hn of an arbitrary number n of F-extendible subgroups H1, . . . ,Hn
of F is pro-F-closed.
We start with some preliminary statements concerning tree-like graphs.
Lemma 3.6. Let Γ be a connected profinite graph and ∆ and Ξ be non-
empty disjoint subgraphs of Γ. Then the graph ∆ ∪ Ξ is disconnected.
Proof. The closed subsets V (∆) and V (Ξ) of V (Γ) are disjoint and therefore
can be separated by open sets. Hence there exists a finite quotient Γ′ of
Γ with canonical morphism ϕ : Γ ։ Γ′ such that ∆ϕ ∩ Ξϕ = ∅. Since
∆ϕ and Ξϕ have no common vertex, every path from a vertex in ∆ϕ to
a vertex in Ξϕ must traverse an edge outside ∆ϕ ∪ Ξϕ. It follows that
(∆∪Ξ)ϕ = ∆ϕ∪Ξϕ is not connected. Consequently, ∆∪Ξ is not connected,
as well. 
Theorem 3.7. Let Γ be a tree-like graph, n ≥ 3 and γ0, . . . , γn ∈ V (Γ) be
such that
[γk−2, γk−1] ∩ [γk−1, γk] ∩ [γk, γk+1] = ∅ for all k ∈ {2, . . . , n − 1}. (3.1)
Then [γ0, γ1] ∩ [γn−1, γn] = ∅.
Proof. First recall that in Γ, the intersection of any two connected sub-
graphs Λ and Ξ is connected [4, Prop. 2.2]: indeed, for any two vertices
u, v in Λ ∩ Ξ, the geodesic [u, v] is also contained in Λ ∩ Ξ.
Suppose that the claim of the Theorem is not true and let n ≥ 3 be
minimal such that a counterexample γ0, . . . , γn exists. Set
∆ = [γ0, γ1] ∩ [γn−1, γn], Θ = [γn−2 ∩ γn−1] ∩ [γn−1, γn]
and
Λ = [γ0, γ1] ∪ [γ1, γ2] ∪ · · · ∪ [γn−2, γn−1].
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Since γ0, γ1, . . . , γn is a counterexample, ∆ 6= ∅. Since n is minimal for a
counterexample,
Λ ∩ [γn−1, γn] = ([γ0, γ1] ∪ [γn−2, γn−1]) ∩ [γn−1, γn] = ∆ ∪Θ.
Moreover, ∆ ∩Θ = ∅. In case n = 3 this is equivalent to
[γ0, γ1] ∩ [γ1, γ2] ∩ [γ2, γ3] = ∅;
for n > 3 this follows from [γ0, γ1]∩ [γn−2, γn−1] = ∅ (since n is minimal for
a counterexample). By Lemma 3.6, the graph
Λ ∩ [γn−1, γn] = ∆ ∪Θ
is disconnected which contradicts the fact that the intersection of two con-
nected subgraphs of Γ is connected. 
Note that Theorem 3.7 immediately implies that in case (3.1) holds for
γ0, . . . , γn then
[γi−1, γi] ∩ [γk, γk+1] = ∅
for all 1 ≤ i < k ≤ n − 1. Theorem 3.7 is a generalization of Theorem 3.7
in [4] but the proof presented here is much simpler than the one in [4].
Now let G be an A-generated profinite group with tree-like Cayley graph
Γ(G); note that the abstract subgroup of G generated by A is F .
Lemma 3.8. Let n ≥ 2, γ0, . . . , γn ∈ G and suppose that in case n ≥ 3 for
all i ∈ {2, . . . , n − 1} condition (3.1) holds. Let w ∈ F , u be a prefix of w,
that is w = uv for some v (equality of words) and suppose that u ∈ [γ0, γ1]
and w ∈ [γn−1, γn]. Then v admits a factorisation v = v1 · · · vn such that,
for zi = uv1 · · · vi (for 0 ≤ i ≤ n) then
zi ∈ [γi−1, γi] ∩ [γi, γi+1] for 1 ≤ i ≤ n− 1
and [zi−1, zi] ⊆ [γi−1, γi] for 1 ≤ i ≤ n.
Proof. The situation described in the lemma is depicted in Figure 2. The
•
•
u
•
•
•
•
z2
•
•
z3
•
•
zn−2
•
•
zn−1
•
•
w
γ0 γ1 γ2 γ3 γn−2 γn−1 γn
z1
Figure 2. The graph [γ0, γ1] ∪ [γ1, γ2] ∪ · · · ∪ [γn−1, γn].
proof is by induction on n. For n = 2 we have u ∈ [γ0, γ1], uv = w ∈ [γ1, γ2].
Since [γ0, γ1] ∪ [γ1, γ2] is connected, [u,w] ⊆ [γ0, γ1] ∪ [γ1, γ2] (since Γ(G)
is a Hall graph). The geodesic [u,w] has vertex u in [γ0, γ1] and w in
[γ1, γ2] hence must go through a vertex in [γ0, γ1] ∩ [γ1, γ2]. Let v = v1v2
be the corresponding factorization of the label v of the path u → w then
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uv1 ∈ [γ0, γ1]∩[γ1, γ2]. Since u, uv1 ∈ [γ0, γ1] we also have [u, uv1] ⊆ [γ0, γ1],
likewise uv1, uv1v2 = w ∈ [γ1, γ2] whence [uv1, w] = [uv1, uv1v2] ⊆ [γ1, γ2],
as required.
Now suppose that n ≥ 3 and the claim be true for n−1. By assumption,
u,w ∈ [γ0, γ1] ∪ [γ1, γ2] ∪ · · · ∪ [γn−1, γn]
whence
[u,w] ⊆ [γ0, γ1] ∪ [γ1, γ2] ∪ · · · ∪ [γn−1, γn]
since the latter is connected. Let
∆ = [γ1, γ2] ∪ · · · ∪ [γn−1, γn].
Since [u,w] ⊆ [γ0, γ1] ∪ ∆, u ∈ [γ0, γ1] and w ∈ ∆ the geodesic [u,w]
must go through a vertex x in [γ0, γ1] ∩ ∆. By Theorem 3.7 we have
[γ0, γ1] ∩ [γi, γi+1] = ∅ for all i > 1. Hence x ∈ [γ0, γ1] ∩ [γ1, γ2]; then
u, x ∈ [γ0, γ1] implies [u, x] ⊆ [γ0, γ1] (again since Γ(G) is a Hall graph). Let
v1 be the label of the corresponding geodesic path u→ x which is a prefix
of v; then, for v = v1z, z labels the geodesic path x→ w which runs entirely
in ∆ since x,w ∈ ∆ implies [x,w] ⊆ ∆. By the induction hypothesis, z
admits a factorization z = v2 · · · vn such that for z0 := u, z1 := x = uv1
and zi = xv2 . . . vi (for 2 ≤ i ≤ n) then zj ∈ [γj−1, γj ] ∩ [γj , γj+1] for
1 ≤ j ≤ n− 1 and [zi−1, zi] ⊆ [γi−1, γi] for i = 1, . . . , n. 
We have thus all prerequisites we need for a proof of the Ribes-Zalesski˘ı-
Theorem for the pro-F-topology of a free group where F is arboreous.
Theorem 3.9. Let F be an arboreous formation, n ≥ 2 and H1, . . . ,Hn ≤
F be finitely generated F-extendible groups. Then the product H1 · · ·Hn is
pro-F-closed in F .
Remark 1. Since an arboreous formation is a fortiori Hall, being pro-F-
closed and being F-extendible are equivalent for a finitely generated sub-
group of F . Hence the formulation above is equivalent to the more famil-
iar one: the product H1 · · ·Hn is pro-F-closed for pro-F-closed subgroups
H1, . . . ,Hn of F .
Proof. We proceed by induction on n with induction base n = 2 being true
by Proposition 3.3. Let n > 2 and suppose that the claim be true for n′ < n.
So let H1, . . . ,Hn ≤ F be F-extendible. By the induction hypothesis, for
each i ∈ {1, . . . , n} and w ∈ F the set H1 · · ·Hi−1wHi+1 · · ·Hn is pro-F-
closed. Indeed, as mentioned above, being F-extendible is equivalent to be-
ing pro-F-closed which is a purely topological property and hence preserved
by homeomorphisms of F . From the fact that the conjugation x 7→ wxw−1
is a homeomorphism it follows that each group wHk = wHkw
−1 is F-
extendible and hence, by induction hypothesis the set
H1 · · ·Hi−1w(Hi+1 · · ·Hn)w
−1 = H1 · · ·Hi−1
wHi+1 · · ·
wHn
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is pro-F-closed. Since right translation x 7→ xw is also a homeomorphism
the claim follows.
Now take a sequence (wk)k∈N with wk ∈ H1 · · ·Hn such that limwk =
w ∈ F . We need to show that w ∈ H1 · · ·Hn. Each wk can be written as
wk = h1kh2k · · · hnk
with hik ∈ Hi for all i and k and equality holds in F (the product on
the right hand side need not be reduced). We may assume (by going to a
subsequence) that each of the sequences (hik)k∈N converges in F̂F. So, let
ηi = limk→∞ hik for i = 1, . . . , n. In addition, we may assume that for all
i < j, ηi · · · ηj−1 6= 1 since otherwise we could replace each wk with
w′k := h1k · · · hi−1,khjk · · · hnk.
Then w = limwk = limw
′
k and
limw′k ∈ H1 · · ·Hi−1Hj · · ·Hn ⊆ H1 · · ·Hn
by the induction hypothesis. Setting γ0 := 1 and γi = η1 · · · ηi for i =
1, . . . , n then we have that the elements γi are pairwise distinct. We distin-
guish two cases
(1) there exists i ∈ {2, . . . , n− 1} such that
[γi−2, γi−1] ∩ [γi−1, γi] ∩ [γi, γi+1] 6= ∅,
(2) for all i ∈ {2, . . . , n− 1},
[γi−2, γi−1] ∩ [γi−1, γi] ∩ [γi, γi+1] = ∅.
Denote by H1, . . . ,Hn the core-graphs of H1, . . . ,Hn with base points
b1, . . . , bn, completions H1, . . . ,Hn and transition groups T1, . . . , Tn ∈ F,
respectively. In case (1), let i ∈ {2, . . . , n− 1} be such that there exists
ξ ∈ [γi−2, γi−1] ∩ [γi−1, γi] ∩ [γi, γi+1].
Take an A-generated group G0 ∈ F such that G0 ։ Tl for all l and such that
all elements [γl]G0 are pairwise distinct. Choose an inverse system (Gm) of
A-generated groups in F such that G0 և G1 և G2 և · · · and lim←−Gm = F̂F
and denote the canonical morphism F̂F ։ Gm by ϕm. We may assume, by
considering an appropriate subsequence (wkm) of (wk), that
[hlm]Gm = [ηl]Gm
for all l = 1, . . . , n and all m ∈ N.
For ξ ∈ [γi−2, γi−1] ∩ [γi−1, γi] ∩ [γi, γi+1] we note that
[γi−1, ξ] ⊆ [γi−2, γi−1] ∩ [γi−1, γi] and [ξ, γi] ⊆ [γi−1, γi] ∩ [γi, γi+1].
Choose m ∈ N and consider the image of
[γi−2, γi−1] ∪ [γi−1, γi] ∪ [γi, γi+1]
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under ϕm (that is, within the graph Γ(Gm)) and set gk := γkϕm for
k = i − 2, i − 1, i, i + 1 and x = ξϕm. The words hi−1,m, him, hi+1,m
label paths gi−2 → gi−1, gi−1 → gi and gi → gi+1, all in Γ(Gm), but
not necessarily inside ([γi−2, γi−1] ∪ [γi−1, γi] ∪ [γi, γi+1])ϕm. We choose
words em, fm such that em labels a path pm : gi−1 → x which runs inside
[γi−2, γi−1]ϕm ∩ [γi−1, γi]ϕm, and fm labels a path qm : x → gi which runs
inside [γi−1, γi]ϕm ∩ [γi, γi+1]ϕm. The situation is depicted in Figure 3.
• • • ••
gi−2 gi−1 gi gi+1x
hi−1,m hi+1,m
him
em fm
Figure 3. The graph ([γi−2, γi−1] ∪ [γi−1, γi] ∪ [γi, γi+1])ϕm.
Consequently, [him]Gm = [emfm]Gm . Doing so for every m ∈ N we see
that
lim
m→∞
emfm = lim
m→∞
him = ηi.
It follows that
lim
m→∞
h1m · · · hi−1,memfmhi+1,m · · · hnm = lim
m→∞
wm = w.
Now observe that, for each m, the canonical projection gi−2H
Gm
i−1 ։Hi−1
maps gi−2 as well as gi−1 to the base point bi−1 and hence the path pm to a
path p′m in Hi−1 starting at the base point bi−1. For every m, p
′
m also ends
at the same vertex, say v, namely at the image of ξ under the canonical
mapping γi−2H
F̂F
i−1 ։Hi−1. Let e be a word labelling a fixed path in Hi−1
from the base point bi−1 to v. Then eme
−1 labels a closed path at bi−1 in
Hi−1, whence eme
−1 ∈ Hi−1 for each m. Likewise, there exists a word f
labelling a path inside Hi+1 from some fixed vertex u to the base point bi+1
and f−1fm ∈ Hi+1 for each m ∈ N. Consequently, for every m, the word
w′m = h1m · · · (hi−1,meme
−1)ef(f−1fmhi+1,m) · · · hnm
belongs to H1 · · ·Hi−1efHi+1 · · ·Hn and
lim
m→∞
w′m = limm→∞
wm = w.
By the induction hypothesis, w ∈ H1 · · ·Hi−1efHi+1 · · ·Hn. Hence there
exist hk ∈ Hk (for k = 1, . . . , i− 1, i + 1, . . . , n) such that
w = h1 · · · hi−1efhi+1 · · · hn.
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Finally, let us look once more at the word emfm for some fixed m, say
m = 0. We know that e0f0 labels a path γi−1ϕ0 → γiϕ0 which runs
entirely in [γi−1, γi]ϕ0. Under the canonical mapping (γi−1ϕ0)H
G0
i ։ Hi
that path is mapped to a closed path at base point bi. Consequently,
e0f0 ∈ Hi. Since, by construction, ee
−1
0 ∈ Hi−1 and f
−1
0 f ∈ Hi+1 we arrive
at
w = h1h2 · · · hi−1ee
−1
0︸ ︷︷ ︸
∈Hi−1
e0f0︸︷︷︸
∈Hi
f−10 fhi+1︸ ︷︷ ︸
∈Hi+1
· · · hn,
thus w ∈ H1 · · ·Hn, as required.
Now consider case (2). We have γ0 = 1 and γn = w. By Lemma 3.8,
w admits a factorization w = v1v2 · · · vn such that, for zi = v1 · · · vi (for
0 ≤ i ≤ n) then
zi ∈ [γi−1, γi] ∩ [γi, γi+1] for 1 ≤ i ≤ n− 1
and for 1 ≤ i ≤ n, [zi−1, zi] ⊆ [γi−1, γi]. Now choose an A-generated group
G ∈ F with canonical morphism ϕ : F̂F ։ G such that
• G։ Ti for all i,
• all γiϕ are pairwise distinct,
• ϕ restricted to [1, w] is injective.
We consider the graph
([γ0, γ1] ∪ [γ1, γ2] ∪ · · · ∪ [γn−1, γn])ϕ
in Γ(G). For each i = 1, . . . , n− 1,
[zi, γi]ϕ ⊆ [γi−1, γi]ϕ ∩ [γi, γi+1]ϕ;
let si be a word labelling a path ziϕ→ γiϕ running inside [zi, γi]ϕ, and set
s0 = 1 = sn. Then: for each i = 1, . . . , n the word s
−1
i−1visi labels a path pi
γi−1ϕ→ γiϕ running entirely inside [γi−1, γi]ϕ. Similarly as argued earlier,
the canonical projection (γi−1ϕ)H
G
i ։ Hi maps γi−1ϕ as well as γiϕ to
the base point bi. Since [γi−1, γi]ϕ ⊆ (γi−1ϕ)H
G, the path pi is thereby
mapped to a closed path at base point bi. Consequently, s
−1
i−1visi ∈ Hi for
i = 1, . . . , n. Altogether,
w = v1 · · · vn = v1s1 · s
−1
1 v2s2 · · · s
−1
n−2vn−1sn−1 · s
−1
n−1vn ∈ H1 · · ·Hn,
as required. 
4. Constructing groups with tree-like Cayley graphs
We present a method to construct inverse sequences G0 և G1 և G2 և
· · · for which the group G = lim←−Gn has a tree-like Cayley graph. Suppose
that G is an A-generated profinite group whose Cayley graph admits a
constellation (Ξ, γ,Θ). Then there exists a finite quotient G with canonical
morphism ϕ : G ։ G such that (Ξϕ, γϕ,Θϕ) is a constellation in Γ(G).
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Moreover, if ϕ factors through another finite quotient H, say: G
ψ
։ H
µ
։ G,
then (Ξψ, γψ,Θψ) is a constellation in Γ(H) and
(Ξψµ, γψµ,Θψµ) = (Ξϕ, γϕ,Θϕ).
In particular, there exist words u, v ∈ F such that u labels a path 1→ γϕ
running in Ξϕ, v labels a path 1→ γϕ in Θϕ and [u]H = [v]H : simply take
words u, v which label paths 1→ γψ in Γ(H) such that the one labelled by
u runs in Ξψ and the one labelled by v runs in Θψ.
Now we come to a crucial definition. Let (X, g, T ) be a constellation
in the Cayley graph Γ(G) of the finite A-generated group G; let H be
another A-generated group such that H ։ G. Then H dissolves the con-
stellation (X, g, T ) if, for all pairs of words (u, v) such that u labels a path
1 → g running in X and v labels a path 1 → g running in T , the in-
equality [u]H 6= [v]H holds. If H dissolves the constellation (X, g, T ) of G
then, in particular, there does not exist a constellation (Y, h, Z) of H for
which (X, g, T ) = (Y ϕ, hϕ,Zϕ) for the canonical morphism ϕ : H ։ G.
Moreover, each A-generated group K for which K ։ H then also dissolves
the constellation (X, g, T ) of G. This, together with the earlier discussion
implies that Γ(G) is tree-like provided that for each finite quotient G of
G and each constellation (X, g, T ) of G there exists another quotient H
of G which dissolves the constellation (X, g, T ). Now, every finite group
can have at most finitely many constellations (X, g, T ). If, for every such
(X, g, T ) we have a group H(X,g,T ) which dissolves (X, g, T ) then, taking
the A-generated subdirect product H of all such H(X,g,T ), we get a group
which dissolves all constellations of G. Thus, we have already proved the
‘if’-direction of the next result.
Proposition 4.1. The Cayley graph Γ(G) of an A-generated profinite group
G is tree-like if and only if, for each finite quotient G of G there exists a
finite quotient H of G which dissolves all constellations of G.
Proof. We only have to prove the ‘only if’-direction. Suppose that G does
not fulfill the condition stated in the proposition. Then there exists a
finite quotient G of G such that for every H with G ։ H ։ G there
exists a constellation (X, g, T ) of G which is not dissolved by H. Let G =:
G0 և G1 և G2 և · · · be an inverse system of quotients of G such that
lim←−Gn = G. For every n there exists a constellation (Xn, gn, Tn) of G which
is not dissolved by Gn. Since G has only finitely many constellations we
may assume that the constellations (Xn, gn, Tn) all coincide with a fixed
one, say (X, g, T ). By definition, for each n, there exist words un and vn
such that [un]Gn = [vn]Gn , un labels a path 1→ g inside X and vn labels a
path 1→ g inside T . We may assume (by going to subsequences) that both
sequences ([un]G) and ([vn]G) converge, in which case they have the same
limit, say γ := lim [un]G = lim [vn]G. Now consider the covering graphs X
G
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and T G (both with respect to the base point 1). Both graphs are connected
subgraphs of Γ(G) and both contain γ and 1. Since the canonical mapping
Γ(G) ։ Γ(G) maps XG to X, T G to T , γ to g and 1 to 1 it follows that
(XG, γ, T G) is a constellation in Γ(G) whence Γ(G) is not tree-like. 
We continue by a technical lemma saying that in Proposition 4.1 it is
not necessary to consider all finite quotients of G but rather a co-final set.
Lemma 4.2. Let G ։ H
ϕ
։ K be finite, A-generated. If G dissolves all
constellations of H then G dissolves all constellations of K.
Proof. Let (X, g, T ) be a constellation of K and let u, v be words labelling
paths 1→ g in X and T , respectively. If [u]H 6= [v]H then also [u]G 6= [v]G
and we are done. So, assume that [u]H = [v]H =: h. Let Y be the subgraph
of Γ(H) spanned by the edges of the path u : 1→ h and Z be the subgraph
of Γ(H) spanned by the edges of the path v : 1 → h in Γ(H). Then
Y ϕ ⊆ X, Zϕ ⊆ T , hϕ = g and therefore (Y, h, Z) is a constellation in H.
Since G dissolves (Y, h, Z) it follows that [u]G 6= [v]G, as required. 
We need some further preparations.
Lemma 4.3. Let S be a finite, simple group and Ffor(S)(a, b) be the 2-
generator free object in the formation for(S) generated by S. Then ambn =
1 only if am = 1 = bn.
Proof. If S = Cp for some prime p this is clear since Ffor(S)(a, b) is the
(additive group of) the Fp-vector space with basis {a, b}. So assume that
S is non-abelian and let x ∈ 〈a〉 ∩ 〈b〉. Then x commutes with a as well as
with b and hence belongs to the center of Ffor(S)(a, b) since a and b generate
Ffor(S)(a, b). However, since Ffor(S)(a, b) is a direct power of S this group is
centerless, so x = 1 and 〈a〉 ∩ 〈b〉 = {1}. 
For a finitely generated free group R and a finite simple group S let R(S)
be the intersection of all normal subgroupsN of R for which R/N is a direct
power of S. Then R(S) is a characteristic subgroup of R and R/R(S) is the
r-generator free object in the formation for(S) generated by S where r is the
rank of R. In case S = Cp for a prime p we have R(S) = R(Cp) = R
p[R,R].
If w1, . . . , wr form a basis of R then w1R(S), . . . , wrR(S) form a collection
of free generators of R/R(S).
Let G be an A-generated finite group, ϕ : F → G be the canonical
morphism and R = ker(ϕ). We define GA,S := F/R(S) and call this
group the A-universal S-extension of G. For S = Cp this is a classical
construction by Gaschu¨tz, see [11, Appendix β] and [9]. Note that GA,S is
an A-generated extension of R/R(S) by G and R/R(S) is the r-generator
free object in the formation generated by S where r = |G|(|A| − 1) + 1;
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GA,S depends on S and A and enjoys the following universal property: if
H is any A-generated extension of a member of for(S) by G then
GA,S ։ H ։ G.
So we are interested, given a finite A-generated group G, to find a group
H ։ G which dissolves all constellations of G. Since our ultimate goal
is to give a sufficient condition for F̂F to be tree-like with respect to a
free generating set A, in view of Lemma 4.2, it is no harm if we impose a
few mild restrictions. Since the cyclic and pro-cyclic case is already clear
(every infinite pro-cyclic group has a tree-like Cayley graph [4]) we generally
assume that |A| ≥ 2. Since, among the finite quotients of F̂F the relatively
free ones form a co-final subset we shall assume that
[a]G 6= [b]G 6= 1 for all a, b ∈ A, a 6= b. (4.1)
Lemma 4.4. Let G be an A-generated finite group subject to (4.1) and let
e, f be arbitrary positive edges in the Cayley graph Γ(G); then the graph
Γ(G) \ {e±1, f±1} is connected.
Proof. The claim is true if G is generated by two elements each of order
2 (that is, G is a dihedral group). So we may assume that |A| ≥ 3 or
|A| = 2 and at least one generator has order greater than 2. Let Γ◦ be the
undirected graph formed from the positive edges of Γ(G) by ignoring the
orientation of these edges. Moreover, from each pair of edges g 6= g′ coming
from a generator of order 2 (that is, ιg = τg′ and ιg′ = τg) remove one
in order to get a graph rather than a multi-graph. The graph Γ◦ is vertex
transitive with degree at least 3. It follows that the edge connectivity of Γ◦
is also at least 3 [12, Lemma 3.3.3]. That is, we may remove any two edges
from Γ◦ and retain a connected graph. It follows that Γ(G) \ {e±1, f±1} is
also connected. 
We are now able to prove the main result of this section. For S = Cp for
some prime p this result is known [4].
Theorem 4.5. Let G be an A-generated finite group subject to the as-
sumption (4.1) and let S be a finite simple group. Then GA,S dissolves all
constellations of G.
Proof. Let (X, g, T ) be a constellation of G and u, v ∈ F be words such that
[u]G = g = [v]G and u labels a path 1→ g inside X, v labels a path 1→ g
inside T . We need to show that [u]GA,S 6= [v]GA,S , that is, [uv
−1]GA,S 6= 1.
The group GA,S is an extension of R/R(S) by G where R is the kernel
of the canonical morphism F ։ G, that is, R is an absolutely free group
of rank r = |G|(|A| − 1) + 1 and R/R(S) is a relatively free group of rank
r in the formation for(S) generated by S. From [uv−1]G = 1 it follows
that uv−1 ∈ R; moreover R is a finitely generated subgroup of F with
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core-graph R = Γ(G) with base point 1. We actually need to show that
[uv−1]R/R(S) 6= 1.
We know how to construct a basis of R: for every spanning tree Υ of
Γ(G) there exists a basis BΥ whose elements are in bijective correspondence
to the positive edges of Γ(G) \ Υ. We are going to select a tree which is
suitable for our purpose. We shall argue in the same way as in [3, 5]. For a
path π in Γ(G) and a positive edge e denote by π(e) the number of signed
traversals of e by π (that is, whenever π traverses e in the forward direction
this counts +1, in the backward direction −1).
Let Z be the connected X ∩T -component containing 1 and let D be the
set of all positive edges in X with initial vertex in Z and terminal vertex not
in Z; likewise, let C be the set of positive edges of X with initial vertex not
in Z and terminal vertex in Z. As in [3], D∪C 6= ∅ and the edges of D∪C
form a border that must be traversed by any path π : 1→ g inside X one
times more often in the forward direction than in the backward direction.
That is, for any such path π,∑
e∈D
π(e) −
∑
e∈C
π(e) = 1. (4.2)
Analogously, let D′ be the set of positive edges in T with initial vertex in Z
and terminal vertex in T \Z, and C ′ be the set of positive edges in T with
terminal vertex in Z and initial vertex in T \ Z. For every path π : 1→ g
inside T , ∑
e∈D′
π(e) −
∑
e∈C′
π(e) = 1. (4.3)
The situation is depicted in Figure 4.
• •
X
T
1 g
D
∪
C
D
′ ∪
C
′
Z
Figure 4. Constellation (X, g, T ), borders D ∪ C and D′ ∪ C ′.
From the definition it is immediately clear that (D ∪C)∩ (D′ ∪C ′) = ∅.
Now let o be the order of a free generating element of Ffor(S)(a, b), the 2-
generator free object in for(S), and let û and v̂ be the paths 1→ g in X and
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T , labelled u and v, respectively. By (4.2, 4.3) there exist e ∈ D ∪ C and
f ∈ D′ ∪C ′ such that û(e) and v̂(f) both are not divisible by o, and e 6= f
since (D ∪C)∩ (D′ ∪C ′) = ∅. By Lemma 4.4 the graph Γ(G) \ {e±1, f±1}
is connected, so we my choose a spanning tree Υ of Γ(G) which does not
contain e and f . For a positive edge h ∈ Γ(G) \Υ let h˜ be the label of the
reduced path obtained by running inside Υ from 1 to ιh, traversing h (in
the forward direction) and then running back from τh to 1 inside Υ. The
basis BΥ then consists of all h˜, h a positive edge in Γ(G) \ Υ. The label
of every closed path at 1 in Γ(G) can be expressed uniquely as a reduced
product of elements of BΥ ∪ B
−1
Υ . For a given closed path π = e1e2 . . . ek
we know how to express its label as such a product: simply replace each
positive edge ei by e˜i provided ei /∈ Υ and by 1 if ei ∈ Υ; in case ei is a
negative edge replace it by e˜−1i
−1
if e−1i /∈ Υ and by 1 if e
−1
i ∈ Υ. Doing so
for the path labelled uv−1 we observe that uv−1 = w(u) · w(v−1) where
• w(u) and w(v−1) both are products of members of BΥ ∪B
−1
Υ ,
• w(u) does not contain f˜±1 and w(v−1) does not contain e˜±1.
Setting
• u(e) := the sum of exponents of e˜ in w(u),
• −v(f) := the sum of exponents of f˜ in w(v−1)
we have that u(e) = û(e) and v(f) = v̂(f) and therefore o 6 | u(e) and
o 6 | v(f). Consider now the morphism ϕ : R → Ffor(S)(a, b) determined by
the map e˜ 7→ a, f˜ 7→ b, h˜ 7→ 1 for h 6= e, f . Then
(uv−1)ϕ = (w(u))ϕ · (w(v−1))ϕ = au(e)b−v(f) 6= 1
by Lemma 4.3 since o 6 | u(e) and o 6 | v(f). Since ϕ factors through R/R(S)
we get
[uv−1]R/R(S)ψ = (uv
−1)ϕ = au(e)b−v(f) 6= 1
where ψ : R/R(S)→ Ffor(S)(a, b) is the morphism determined by
e˜R(S) 7→ a, f˜R(S) 7→ b, h˜R(S) 7→ 1 (h 6= e, f).
It follows that [uv−1]R/R(S) 6= 1 whence [uv
−1]GA,S 6= 1. 
Corollary 4.6. Let G = lim←−Gi be an A-generated profinite group; if for
each i there exists a simple group Si with G։ G
A,Si
i then Γ(G) is tree-like.
For a prime p, there is the notion of pro-p-tree which is homologically
defined [24, 18]. From [2, Theorem 3.9], see also [4, Theorem 9.6], one gets
that Γ(G) is a pro-p-tree if and only if G։ G
A,Cp
i for every i.
We are motivated to call a formation F locally extensible if for every A-
generated member G of F there exists a simple group S such that GA,S also
belongs to F. This seems to be the adequate analogue for formations of a
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notion introduced for varieties in [4]. All formations closed under taking
normal subgroups and extensions (called NE-formations in [19]) are locally
extensible, but the converse is not true.
Corollary 4.7. Every locally extensible formation F is arboreous and there-
fore Hall.
The author is not aware of an example of an arboreous formation which
is not locally extensible. The problems of whether there exist Hall varieties
which are not arboreous and arboreous varieties which are not locally ex-
tensible have been formulated in [4, 6, 7]. The problem to classify all Hall
formations has been proposed in [8].
Problem 3. Does there exist an arboreous formation (or variety) which is
not locally extensible?
Finally, let us consider an example. For a simple non-abelian group S
(and |A| ≥ 2) let R1 := F (S) and Rn = Rn−1(S) for n > 1. Let S be the
formation consisting of all finite groups all of whose composition factors are
isomorphic with S. Then F̂S = lim←−F/Rn. By Corollary 4.6, the Cayley
graph Γ(F̂S) is tree-like and S is arboreous. However, F̂S is perfect. Let
a ∈ A; then the closed normal subgroup of F̂S generated by A \ {a} is the
whole group F̂S since otherwise it would have a non-trivial abelian quotient.
It follows that the answer to Problem 7.8 in [4] is “No”, so Problem 7.7 (in
the same paper) cannot be attacked by the approach proposed there.
Acknowledgement: The author would like to thank A. Ballester-Bolinches
for inviting him to the Department of Algebra at the University of Valencia;
he is grateful for having had stimulating discussions with him and J. Cossey.
References
[1] J. Almeida and P. Weil, Reduced factorizations in free profinite groups and join
decompositions of pseudovarieties, Internat. J. Algebra Comput. 3 (1994), 375–403.
[2] J. Almeida and P. Weil, Relatively free profinite monoids: An introduction and
examples, pp. 73–117 in: Semigroups, Formal Languages and Groups, J. B. Fountain,
ed., Kluwer, Dordrecht, 1995.
[3] K. Auinger, A new proof of the Rhodes type II conjecture, Internat. J. Algebra
Comput. 14 (2004), 551–568.
[4] K. Auinger and B. Steinberg, The geometry of profinite graphs with applications to
free groups and finite monoids, Trans. Amer. Math. Soc. 356 (2003), 805–851.
[5] K. Auinger and B. Steinberg, A constructive version of the Ribes-Zalesski˘ı-Theorem,
Math. Z. 250 (2005), 287–297.
[6] K. Auinger and B. Steinberg, On power groups and embedding theorems for relatively
free profinite monoids, Math. Proc. Camb. Phil. Soc. 138 (2005), 211–232.
[7] K. Auinger and B. Steinberg, Varieties of finite supersolvable groups with the M.
Hall Property, Math. Ann. 335 (2006), 853–877.
THE GEOMETRY OF PROFINITE GRAPHS REVISITED 25
[8] A. Ballester-Bolinches, J.-E´. Pin and X. Soler-Escriva`, Formations of finite monoids
and formal languages: Eilenberg’s variety theorem revisited, Forum Math. 26 (2014),
1737-1761.
[9] A. Ballester-Bolinches, R. Esteban-Romero and E. Cosme-Llo´pez, Group extensions
and graphs, preprint.
[10] T. Coulbois, Free products, profinite topology and finitely generated subgroups, In-
ternat. J. Algebra Comput. 11 (2001), 171-184.
[11] K. Doerk and T. Hawkes, Finite Soluble Groups, De Gruyter, Berlin New York,
1992.
[12] C. Godsil and G. Royle, Algebraic Graph Theory, Springer, New York, 2001.
[13] I. Kapovich and A. Myasnikov, Stallings foldings and subgroups of free groups, J.
Algebra 248 (2002), 608–668.
[14] S. W. Margolis, M. Sapir, and P. Weil, Closed subgroups in pro-V topologies and the
extension problem for inverse automata, Internat. J. Algebra Comput. 11 (2001),
405–445.
[15] J.-E. Pin and C. Reutenauer, A conjecture on the Hall topology for the free group,
Bull. London Math. Soc. 23 (1991), 356–362.
[16] L. Ribes and P. A. Zalesski˘ı, On the profinite topology on a free group, Bull. London
Math. Soc. 25 (1993), 37–43.
[17] L. Ribes and P. A. Zalesski˘ı, The pro-p topology of a free group and algorithmic
problems in semigroups, Internat. J. Algebra Comput. 4 (1994), 359–374.
[18] L. Ribes and P. A. Zalesski˘ı, Pro-p Trees and Applications, pp. 75–119 in: New
Horizons in pro-p Groups, M. Du Sautoy, D. Segal, A. Shalev, eds., Birkha¨user,
Boston, 2000.
[19] L. Ribes and P. A. Zalesski˘ı, Profinite Groups. 2nd Edition. Springer, Berlin, 2010.
[20] J.-P. Serre, Trees, Springer-Verlag, Berlin Heidelberg New York, 1980.
[21] J. Stallings, Topology of finite graphs, Invent. Math. 71 (1983), 551–565.
[22] B. Steinberg, Inverse automata and profinite topologies on a free group, J. Pure
Appl. Algebra 167 (2002), 341–359.
[23] S. You, The product separability of the generalized free product of cyclic groups, J.
London Math. Soc. 56 (1997), 91–103.
[24] P. A. Zalesski˘ı and O. Mel’nikov, Subgroups of profinite groups acting on trees, Math.
USSR Sbornik 63 (1989), 405–424.
Fakulta¨t fu¨r Mathematik, Universita¨t Wien, Oskar-Morgenstern-Platz 1,
A-1090 Wien, Austria
E-mail address: karl.auinger@univie.ac.at
